Abstract. Following ideas of Graeme Segal we construct a configuration space that represents equivariant connective K-homology for group actions of finite groups and furthermore we describe explicitly the complex homology of this configuration space as a Hopf algebra. As a consequence of this work we obtain models of representing spaces for equivariant K-theory.
Introduction
The purpose of this paper is to set a description in terms of configuration spaces of the equivariant connective homology theory associated to equivariant K-theory, we will denote this homology theory as equivariant connective K-homology. We also find a description of the homology of the fixed point space of these configuration spaces in terms of some Hopf algebras studied initially by Segal in [Segal(1996) ] and generalized by Wang in [Wang(2000) ]. We follow ideas of Graeme Segal, and most of the results and proofs generalize results contained in [Segal(1977) ] and [Segal(1996) ] for the equivariant setup. On the other hand it answers a question asked by Wang in [Wang(2000) ] about the possibility to relate a Hopf algebra defined by him with the homology of some configuration space generalizing Segal's work. Finally as a consequence of this work we have obtained a model for the equivariant K-theory spectrum that in analogy with the ideas presented in [Hohnhold et al.(2010) Hohnhold, Stolz, and Teichner] must be the 'simplest' from all the models known. The results in this paper corresponds with the PhD thesis of the author [Velásquez(2012) ].
The first appearance of configuration spaces was possibly in the DoldThom Theorem ( [Dold and Thom(1958)] ). In this work the authors relate the reduced singular homology group of a based finite CW-complex (X, x 0 ) with the topology of a configuration space consisting of finite subsets of X which not contain x 0 and where each element has a multiplicity (i.e each element is labeled by a positive integer). The topology of the configuration space must have the following properties:
(1) If two elements converge to a third element, the label in the limit will be the limit of the sum of the labels in the initial points. (2) If a sequence converges to x 0 , then the labels converge to 0. It is possible to obtain a more systematic definition of this configuration space, let us see how.
Consider the natural action of the symmetric group S n over X n , we can include X n in X n+1 in the following way X n → X n+1 (x 1 , . . . , x n ) → (x 0 , x 1 , . . . , x n ), when x 0 is the base point of X. Using this identification we define
with the quotient topology. Clearly SP ∞ (X) satisfies the properties that we described above. Dold and Thom proved that the functor π * (SP ∞ ( )) : f CW 0 → Z − Ab from f CW 0 , the category of based finite CW-complex to Z−Ab, the category of Z-graded abelian groups, is a reduced homology theory. Moreover, the functor π * (SP ∞ ( )) satisfies the dimension axiom and therefore, by Eilenberg axioms of homology theory, we have Theorem 1.1. (Dold-Thom) There is a natural equivalence between π * (SP ∞ ( )) and H * ( ). Given a reduced homology theory H * we can associate (following [Adams(1995) ]) another cohomology theory h * such that:
(1) There is a natural transformation c : h * → H * such that this transformation is an isomorphism when we evaluate in S 0 = {0, 1} in positive indexes. (2) h * does not have negative indices. h * is called the connective homology theory associated to H * and h * is uniquely determined by these conditions. Segal in [Segal(1977) ] found a version of Dold-Thom theorem in the context of K-homology. We summarize it, he construct a functor C( ) in analogy with SP ∞ ( ) for connective K-homology.
with the weak topology, when the colimit is taken by the inclusions M at n×n (C) → M at (n+1)×(n+1) (C)
A → A 0 0 0 .
and C 0 (X) is the space of complex-valued continuous functions on X that vanish in a base point x 0 , and * refers to * -homomorphism.
This space has a geometric description that allows to think of it as a configuration space, the elements in C(X) can be viewed as finite subsets of X, where each element in the finite subset is labeled by a mutually orthogonal nonzero finite dimensional vector space (subset of C ∞ ), and the topology has the following properties.
(1) If two points converge to same points, the label in the limit will be the limit of the direct sum of the labels of the initial points. (2) If a sequence converges to x 0 , then the labels converge to 0.
Segal obtain a Dold-Thom-Theorem for connective K-homology in the following way: Theorem 1.3. [Segal(1977) ] Given X a based finite CW-complex, there is a natural application π i (C(X)) → K i (X)(i ≥ 0) such that
(1) This application is an isomorphism when X = S 1 .
(2) π * (F( )) is a reduced homology theory in finite CW-complexes and the application is a natural transformation between reduced homology theories.
Here K is the reduced K-homology. Now, let us describe the other topic of the paper. Segal in [Segal(1996) ] partially motivated by [Grojnowski(1996) ] studied the graded algebra
with a product defined using the induction functor from (S n ×S m )-(equivariant) vector bundles to S n+m -vector bundles. Segal found a relation between the graded algebra F q (X) and the configuration space C(X).
Theorem 1.4. Given X a even dimensional Spin c -manifold. There is a natural isomorphism of graded Hopf algebras
where the completion is taken over the augmentation ideal.
Here H * (C(X); C) is endowed with a graded algebra structure induced by the Hopf-space structure in C(X) given by 'putting together' the configurations (this product is called the Pontryagin product).
The main goal of this paper is to obtain equivariant versions of theorem 1.3 and 1.4. In the first part we recall the definitions of equivariant homology theories following [Lück(2002) ] and we include some others preliminaries that will be use for later section.
In the second part we define the configurations space associated to equivariant K-homology and prove that the functor defined as its homotopy groups satisfies the long exact sequence axiom and wedge axiom. In this part we also define a natural transformation from the homotopy groups of the configuration space to equivariant k-homology and we prove that this natural transformation is an isomorphism when we apply it to the space S 1 with the trivial action.
In the third part we prove that the functor defined in part two has a induction structure in finite groups in the sense defined by Lück in [Lück(2002) ], we use this fact to prove that the functor is an equivariant homology theory and finally deduce that it coincides with equivariant connective k-homology.
In the last section we describe a relation between the homology of the fixed point space of the configuration space in terms of the equivariant generalization of the Hopf-algebra F q (X).
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2. Preliminaries 2.1. Classifying space fo equivariant K-theory. All results in this subsection is taken from [Lewis et al.(1986) Lewis, May, Steinberger, and McClure] . All topological spaces considered in this paper are compactly generated.
Given a compact Lie group G the Peter-Weyl theorem ( [Peter and Weyl(1927) ]) implies that for H a separable complex Hilbert space H G := L 2 (G) ⊗ H is a complete G-universe i.e. a complex vector space that contains (up to isomorphism) every irreducible finite dimensional representation of G infinitely many times.
For the complete G-universe H G , let BU (n, H G ) be the G-space of ndimensional vector subspaces of U , the group G acts continuously in BU (n, H G ) and let EU (n, H G ) be the G-space whose points are pairs consisting of an element π in BU (n, H G ) and a vector v ∈ π. The map EU (n, H G ) → BU (n, H G ) such that (π, v) → π is a universal complex n-dimensional Gbundle. For each finite dimensional G-vector subspace V ⊂ H G and each integer q > 0, we may take a classifying space
that sends the vector subspace A to the subspace A ⊕ (W − V ). Define
We take the plane
For finite based G-CW complexes X, the definition of K G (X) as a Grothendieck group and the classification theorem for complex G-vector bundles lead to an isomorphism (see [Lashof et al.(1983) Lashof, May, and Segal] 
2.2. Finite rank operators space. Let X and Y be left G-spaces. There is a (left) G-action on the set of
carries the compact open topology and X is locally compact, then this action
We denote the C*-algebra (for a definition of C*-algebra see [Murphy(1990) 
with the compact open topology (in this case this topology coincides with the weak topology because the finite rank condition). We have an inclusion F R n (H G ) → F R n+1 (H G ) and we denote the colimit by F R(H G ). Because the above statement G acts continuously on F R(H G ).
2.3. Equivariant connective homology theories. We introduce G-homology theories and equivariant homology theories. First we follow [Bredon(1967) ].
Definition 2.1. A reduced G-homology theory H G * with values in R-modules is a collection of covariant functors H G n from the category of based G-CWpairs to the category of R-modules, indexed by n ∈ Z, together with natural transformations
for n ∈ Z, such that the following axioms are satisfied:
(1) G-homotopy invariance.
If
(2) Long exact sequence of a pair.
Given a pair (X, A) of G-CW-complexes, there is a long exact sequence . . .
where i : A → X and j : X → (X, A) are the inclusions.
is bijective. Now we will define reduced equivariant homology theories following [Lück(2002) ].
Definition 2.2. Let α : H → G be a group homomorphism. Given an H-space X (that means a space with an action of a group H), define the induction of X with α to be the G-space ind α X ( we also denote by G × α X) which is the quotient of G×X by the right H-action (g, x)·h := (gα(h), h −1 x) for h ∈ H and (g, x) ∈ G × X. If α : H → G is an inclusion, we also write ind H G instead of ind α . An equivariant homology theory H ? * with values in R-modules consists of a G-homology theory H G * with values in R-modules for each group G together with the following so called induction structure: given a group homomorphism α : H → G and an H-CW-pair (X, A) such that ker(α) acts freely on X, there are for all n ∈ Z natural isomorphisms
(1) Compatibility with the boundary homomorphisms.
where
For n ∈ Z, g ∈ G and a G-CW-pair (X, A) the homomorphism ind c(g):
Then it is natural to associate, in analogy with [Adams(1995) Definition 2.3. Denote by Cliff(n) the Z/2Z-graded complex * -algebra generated by skew-adjoint degree-one elements e 1 , . . . , e n such that e i e j + e j e i = −2δ ij I.
We shall consider R n as embedded into Cliff(n) in such a way that the standard basis of R n is carried to e 1 , . . . , e n .
Denote by Spin c (n) the group of all even-grading-degree unitary elements in Cliff(n) that map R n to itself under the adjoint action. This is a compact Lie group. The image of the group homomorphism
given by the adjoint action is SO(n) and the kernel is the circle group U (1) of all unitary in Cliff(n) that are multiples of the identity element. There is a natural complex conjugation operation on Cliff(n) and the map u → uū * is a homomorphism from Spin
is a double covering.
Definition 2.5. Let M be a smooth G-manifold and let V be a smooth, real G-vector bundle over M of rank n. A G-Spin c -structure is a homotopy class of commuting diagrams
of smooth G-manifolds, where P is the bundle of ordered bases for the fibers of V , Q is a G-equivariant principal Spin c (n)-bundle, and
for every q ∈ Q and every u ∈ Spin c (n).
Every G-complex vector bundle carries a natural Spin c -structure because there is lifting
c -vector bundle is a smooth real G-vector bundle with a given G-Spin c -structure. The direct sum of two G-Spin c -vector bundles carries a natural G-Spin c -structure. It is obtained from the diagram Atiyah et al.(1964) Atiyah, Bott, and Shapiro])If M is an n-dimensional Spin c -manifold the Thom class is a K G -orientation.
Combining the above fact and Poincaré duality in the form of [May(1996) , Thm.XVI.9.2] we have the following Theorem 2.9. Given M an n-dimensional G-Spin c -manifold there exist an isomorphism
2.5. Hopf spaces and Hopf algebras. In this part we follow ] and [Milnor and Moore(1965) ]. Definition 2.10. A Hopf space (or simply H-space) is a pointed space (K, k 0 ) with a multiplication map µ :
We say µ is homotopy associative if the diagram
The diagonal map ∆ : K → K × K and the product µ : X × X → X may be considered to induce homomorphisms , Thm. III.8.4]) Under the homomorphism µ * , ∆ * , the graded module H * (X; C) is a graded Hopf algebra over C.
2.5.1. The Samelson product. Given K a homotopy associative Hopf space, we choose an α ∈ π n (K) and a β ∈ π m (K). These determine elements p * n (α),
If j : S n ∨ S m → S n × S m denotes the inclusion, we have the following
, where e denotes the unit in π n+m (K).
Since S n ∨ S m is a subcomplex of S n × S m , there exists an exact sequence
where q : S n × S m → S n ∧ S m is the quotient map. Hence there exists an element , written α, β ∈ π n+m (K) such that
Definition 2.14. The Samelson product of α ∈ π n (K) and β ∈ π m (K) is the element α, β ∈ π n+m (K) uniquely defined by , Thm.X.5.1, Thm.X.5.4 and Thm. X.6.3]) The map (α, β) → α, β is bilinear, and so defines a pairing
Consequently, the graded complex vector space π * (K; C) such that π n (K; C) = π n (K) ⊗ C becomes a graded Lie algebra over C, and the induced morphism λ : π * (K; C) → H * (K; C) is a morphism of graded Lie algebras.
We finish with the following theorem.
Theorem 2.16. ([Milnor and Moore(1965) , Thm. of the Appendix]) If K is a pathwise connected homotopy associative H-space with unit, and λ :
is the Hurewicz morphism viewed as a morphism of graded Lie algebras, then the induced morphismλ :
is an isomorphism of Hopf algebras. Where S(A) denotes the (Z 2 -graded) supersymmetric algebra associated to the Lie algebra A, this supersymmetric algebra here is equal to the tensor product of the symmetric algebra S(A) and the exterior algebra Λ(A) .
Here ( ) denotes the completion with respect to the I-adic topology, when I is the augmentation ideal i.e I = ker(ǫ) where ǫ is the counit of the Hopf algebra S(π * (K; C)). (For an explanation on completions see [Atiyah and Macdonald(1969) , Chapter 10].)
Equivariant connective K-homology and a configuration space
Let us recall ([Segal(1977) ]) that in the non-equivariant case to describe the connective K-homology for a finite CW-complex X we consider the configuration space of finite subsets of X where each point is labeled by an element of BU , the infinite grassmanian of C ∞ . Then it would be natural to describe the equivariant K-homology of a G-CW-complex X as the configuration space of points in X when the labels are elements of BU G with the appropriate equivariant conditions. This section is devoted to prove the previous statement.
Definition 3.1. Given a compact Lie group G and X a based G-connected G-CW-complex. Let C(X; G) be the G-space of configurations of complex vector spaces (or simply the configuration space when the context is clear).
with the compact open topology, Notice that * refers to *-homomorphism.
Remark 3.2. Although C(X; G) is a space of operators in analogy with [Segal(1977) ] we can describe it as the G-space of finite subsets of X, where each element is labeled by a mutually orthogonal finite dimensional subspace in Gr(H G ). This is the reason to call C(X; G) a configuration space.
We endow to C(X, G) with a G action in the following way:
As in section 1.1 this action is also continuous.
Remark 3.3. We can describe the action in the geometric model in the following way, for F ∈ C(X, G) such that F has eigenvalues given by functions which consist in evaluations
where the last equality follows because f (gx i ) is a scalar. This means that g · F has eigenvalues given by evaluations gx 1 , . . . .gx n , with eigenspaces gV x 1 , . . . , gV xn . This is allow us to conclude that the previous geometric description of the configuration space of finite subsets, when each element of the set is labeled by a finite dimensional subspace of H G , may be endowed with a G-action in the following way:
Consider the category of pairs (X, A) where X is a based G-CW-complex and A a closed G-ANR, which means that there exists a G-open set U ⊇ A such that U is a weak G-deformation retract of A. This category is equivalent to the category of the pairs with homotopy type of G-CW-pairs ([Murayama(1983) ]); we denote this category by CW (2) G . We define a family of covariant functors from CW (2) G to the category of Z-graded abelian groups
Theorem 3.4. The functor k ? * is a reduced equivariant homology theory. Proof.
(1) Homotopy axiom The functor C( , G) sends G-homotopic spaces to G-homotopic spaces, by the following simple argument. Let (2) Long exact sequence axiom
To prove the long exact sequence axiom for k G * we will show that p * : C(X; G) → C(X/A; G) is a G-quasifibrations. Le us recall the definition of G-quasifibration.
Definition 3.5. [Waner(1980) 
H is a quasifibration.
G we have an inclusion C(A, G) ⊆ C(X, G), and a canonical projection p * : C(X, G) → C(X/A, G). The C * -algebra C 0 (X/A) can be identified with
We can describe p * using this identification, for f ∈ C 0 (X/A), note that p * (F )(f ) = F (ϕ(f )) where ϕ :
For (X, A) a G-ANR pair, let N be a G-neighborhood of A in X, such that N is a G-deformation retract of A; we denote the G-retraction by r : N → A. The map r induces a G-application r * : C 0 (A) → C 0 (X).
The pair of G-open sets {N, X \ A} is a G-open covering of X, then there is an G-equivariant partition of unity {ρ 1 , ρ 2 } (It can be obtained simply taking the non-equivariant partition of unity and averaging by G) associated to this covering such that supp(ρ 1 ) ⊆ N and supp(ρ 2 ) ⊆ X \ A. Using this partition of unity we can define a G-map
Lemma 3.6. For every b ∈ C(X/A, G) there exists a map
We define a homotopy inverse of µ b . Let
for f ∈ C 0 (X) and F ∈ C(A, G), we define
The last expression is equal to F (f ) + b(ϕ −1 (ρ 2 ρ 1 r * (f ))), and choosing a G b -equivariant path between b and 0 we can define a deformation H t from the last expression to the identity. Let γ t be a path that connect b and 0, we define
but ρ 2 f ∈ C 0 (X, A) then we have the equality
but ρ 1 r * (f | A ) + f ρ 2 can be continuously deformed (in C 0 (X)) to ρ 1 f + ρ 2 f = f by a linear homotopy. Note that ρ 1 , ρ 2 , r * and ϕ −1 are G b -equivariant maps this allows to conclude that µ b is a G b -homotopy equivalence
To obtain the long exact sequence axiom it is enough to prove that p * : C(X, G) → C(X/A, G) is a G-quasifibration.
Theorem 3.7. The map
Proof. For this proof we need to recall the following lemma. 
B is the union of an increasing sequence of G-subspaces B 1 ⊆ B 2 ⊆ · · · with the property that each Gcompact set in B lies in some B n , and such that each restriction p −1 (B n ) → B n is a quasifibration.
(c) There is a G-deformation Γ t of E into a G-subspace E 0 , covering a deformationΓ t of B into a G-subspace B 0 , such that the restriction E 0 → B 0 is a G-quasifibration and
Let us filter C(X/A, G) by G-closed spaces in the following way
We want to prove in the following lines that p | p −1 (C n (X/A,G)) is a quasifibration, we proceed by induction.
Lemma 3.9. The restriction map p | p −1 (C n (X/A, G)) is a quasifibration.
Proof. n = 0 is trivial, because it is a map from a point to a point. Now suppose that p | p −1 (C n (X/A, G)) is a quasifibration, we will prove that p | p −1 (C n+1 (X/A, G)) is a quasifibration in two steps.
Step 1: Let us show that we can find a G-open set U that cover C n (X/A, G) and such that U is (weak) deformation retract of C n (X/A, G) and p | p −1 (U ) is a quasifibration. The existence of U will be proved in the following argument Recall that there is has a G-neighborhood N ⊆ X of A such that N is deformation retract of A.
Let r t : X → X, (t ∈ [0, 1]), such that r 1 (N ) = A, r t (a) = a for every a ∈ A and r 0 = id X . Consider
and W deforms in C n (X/A, G) (using the cylinder of the inclusion if it is necessary). Let U = p −1 (W ), r t induces a homotopȳ
whose restriction to U is a deformation of U to p −1 (C n (X/A, G)), the homotopyr t * covers r t * . To conclude that p : U → p(U ) is a quasifibration it is enough to prove thatr 1 * :
is a weak G b -homotopy equivalence, for this we will use the part (c) of lemma 3.8. The proof ofr 1 * is a G b -homotopy equivalence is completely analogue to the proof of lemma 3.6.
Step 2: To prove that p | p −1 (C n+1 (X/A,G)\C n (X/A,G)) and p | p −1 (C n+1 (X/A,G)\C n (X/A,G))∩p −1 (U ) are quasifibrations.
We want to define a section
As in [Segal(1977) ] every F ∈ C n+1 (X/A, G) \ C n (X/A, G) can be characterized by its eigenvalues given by evaluations maps x i : C 0 (X/A) → C, (i = 1, . . . , n+1, x i = x 0 ) and its eigenspaces V 1 , . . . , V n+1 . There exists t 0 < 1 such that for every t < 1 with t ≥ t 0 , we have that for every f ∈ C 0 (X)
Using the above statement we define
and since s(F ) is defined by multiplication by continuous maps, then s(F ) is continuous. To see that s is continuous consider a sequence of elements
. F k has eigenvalues x i,k , each sequence (x i,k ) k cannot converge to x 0 because this implies that F ∈ C n (X/A, G), and therefore there is a t ∈ [0, 1) such that for every k and for f ∈ C 0 (X)
where s applied to this sequence is obtained multiplying by a continuous function, and hence s(F k ) → F , i.e s is continuous. We have that p
is surjective. To see that p * is injective, let
It is a homotopy that starts in g and ends in an element of
, it allows to conclude that the kernel is trivial.
Using the lemma 3.8(b) together with lemma 3.9 we can conclude that the map
It is a consequence of the fact that given F ∈ Hom * ( i∈I C 0 (X i ), F R n (H G )), and f = (f i ) i∈I ∈ i∈I C 0 (X i ), as the maximum rank of F (f ) is n for every f , there exist k such that
This is allows to us conclude that
At the moment we have proved that the functor k G * is a G-homology theory for every finite group G. Now we will define a natural transformation A from k G * to reduced equivariant K-homology that we denote by K G * such that
Let us start with some preliminaries The study of representations of a C * -algebra has a strong relation with the study of K-theory, more specifically there exists a bifunctor KK that associates to every pair of C * -algebras (A, B) an abelian group KK(A, B) that can be defined as follows. (Here we follow [Blackadar(1998) 
]).
Definition 3.10. A G-C * -algebra is a C * -algebra equipped with an action of G by * -automorphisms. Let A and B be (Z/2-) graded G-C * -algebras. E G (A, B) , the set of Kasparov G-modules for (A, B) , that is the set of triples (E, φ, F ), where E is a countably generated Hilbert B-module with a continuous action of G, φ : A → B(E) is a graded *-homomorphism, and F is a G-continuous operator in
The set D G (A, B) of degenerate Kasparov modules is the set of triples in E(A, B) for which [F, φ(a)], (F 2 − Id)φ(a), (F − F * )φ(a), and (g · F − F )φ(a) are 0 for all a ∈ A and g ∈ G.
Example 3.11. Let φ : A → K(H G ) be a graded G-*-homomorphism. Then (H G , φ, 0) is a Kasparov G-(A, C)-module. We could also associate to φ the Kasparov G-(A, C)-module (C ⊕ C op , φ ⊕ 0, 0 1 1 0 ). So there are two canonical ways of associating elements of E G (A, C) to each graded G-*-homomorphism from A to K(H G ) (which will give the same KK G -element when we divide by the equivalence relation).
Definition 3.12. A homotopy connecting (E 0 , φ 0 , F 0 ) and
, where f i , for i = 0, 1, is the evaluation homomorphism from IB(:= C([0, 1], B)) to B (here ≈ G u denotes the G-unitary equivalence). The homotopy respects direct sums. Homotopy equivalence is denoted ∼ h . If E 0 = E 1 , a standard homotopy is a homotopy of the form E = C([0, 1], E 0 ) (which is a Hilbert IB-module in the obvious way), φ = (φ t ), F = (F t ), where t → F t and t → φ t (a) are strong G-*-operator continuous for each a. A standard homotopy where in addition φ t is constant and F t is normcontinuous is called an operator homotopy. (A, B) into an abelian semigroup.
Direct sums makes E G
Definition 3.13. KK G (A, B) is the set of equivalence classes of E G (A, B) under ∼ h . More generally, we set KK n G (A, B) = KK G (A, B ⊗ Cliff(n)) where G acts trivially in Cliff(n). In each case, the set is an abelian semigroup under direct sum.
The bifunctor KK G , has a strong relation with K G -theory and K Ghomology of C * -algebras (for definitions of K-theory and K-homology in this context consult [Higson and Roe (2000)]). In particular we have the following.
Proposition 3.14 ( [Blackadar(1998)] ). There are natural isomorphisms
Given a G- * -homomorphism φ : A → K(H G ), one can assign an element in KK G (A, C) in two different ways (see example 3.11), actually they are the same because when the homomorphism φ : A → B(E) is compact the operator F is redundant i.e. all triples (E, φ, F ) are operator homotopic independently of the choice F . Then we have a natural map
This association is really a natural transformation A from π 0 (C( , G)) to KK 0 G ( , C). To extend this natural transformation to all n ≥ 0 we need the following form of the Bott periodicity theorem. 
, where the suspension of A is
Given a homotopy class of an equivariant map f : S 1 → C(A, G), this element can be viewed as an element of f ∈ π 0 (SA). We define
. For every n ≥ 1 the transformation A n (A) is defined in an analogue way using theorem 3.15 repeatedly.
The last construction gives a relation between the homotopy groups of the configuration space and the analytic construction of KJK-theory by Kasparov.
Theorem 3.16. The map
is an isomorphism for every n ≥ 0, where S 1 is endowed with the trivial G-action.
Proof. The proof is similar to the one of the non-equivariant case given in [Segal(1977) ]. By formal Bott periodicity in KK-theory (see [Blackadar(1998) ]) we have an isomorphism
Let F G q (n) be the set of sequences (A 0 , . . . , A q ) of commuting normal operators of rank ≤ n such that
. . , A q ) (where π n+1 denotes the projection over the last component), and let
In analogy with [Atiyah and Singer(1969) ], from theorem 3.15 we can define representing spaces for K 1 G in the following way. Let Φ G q (n) be the space of G-equivariant unitary normal operators of rank ≤ n over Cliff(q) ⊗ H G .
Fact 3.17. ( [Atiyah and Singer(1969) 
We have a map from F G q to Φ G q , if e 1 , . . . , e q are the generators of Cliff(q) the map is defined as
Clearly this map is a homeomorphism, then the natural transformation A n ( ) is an isomorphism when we evaluate in S 1 .
Induction structure
In this section we prove that the equivariant connective K-homology has an induction structure in the sense of the definition 2.2. Let α : H → G be a group homomorphism (H and G finite groups). Let X be an H-space such that ker(α) acts freely on X, we have an inclusion
We start when the map α is an inclusion.
Lemma 4.1. Given a subgroup H ⊆ G and X an H-CW-complex then the inclusion i : X → G × H X induces an isomorphism
Proof. H G can be considered as a complete H-universe (H G ∼ = H H H and up to homotopy it is independent of the choice of the isomorphism, therefore we have that
We define a map
where f ∈ C 0 (G × H X). On the other hand we define a map
On the other hand
where the last equality is a consequence of f =
. Taking homotopy groups we obtain the desired result.
As a consequence of the above lemma we obtain. Theorem 4.2. The functor k ? * is naturally equivalent to k ? * ; that is, the equivariant homotopy groups of C(X, G) correspond to the equivariant connective K-homology groups of X when X is a finite G-CW-complex and G is finite.
Proof. We already proved in theorem 3.16 that the natural transformation A defined in the above section is an isomorphism when X = S 1 with a trivial G-action. To prove the theorem it is enough to prove that A is an isomorphism when X = S 1 ∧ G/H with trivial G-action over S 1 and the usual G-action over G/H, it is because any G-CW-complex is built with cells
is the isomorphism obtained in the above lemma and i * : K H * ( * ) → K G * (G/H) is the isomorphism obtained from the indicution structure for K-homology (see [Lück(2002)] ). From this diagram we can obtain that
is an isomorphism.
As a corollary of this theorem we see that we have constructed a model for the spectrum of equivariant K-theory for finite groups. More specifically Theorem 4.3. The sequence of spaces
is a spectrum representing equivariant K-theory. It is a generalization of the spectrum described in [Segal(1977) ] or [Hohnhold et al.(2010) Hohnhold, Stolz, and Teichner].
We can extend the functor k G * to non-connected spaces just defining , G) ). As usual we define the unreduced functor k as
where X + = X ∪{+} and the basepoint of X + is +. To obtain the induction structure when α is an arbitrary map we need a lemma. In the following we call this functor by k • * .
Lemma 4.4. Let X a G-CW-complex such that N G acts freely in X then there is natural isomorphism π * :
Proof. The algebra C 0 (X/N ) can be identified with C 0 (X) N , the algebra of continuous maps from X to C that is invariant by the action of N , having this identification in mind consider the natural application
This allows to define a *-homomorphism
On the other hand H G/N can be identified with (H G ) N , then we can suppose that
We will prove that χ is a weak homotopy equivalence. The map X π − → X/N is a G-covering, this implies that X = ∪ i U i , where
is an isomorphism because we have the following commutative diagram
and the map i * is an isomorphism (lemma 4.1). Now, the result for general X follows by an induction argument using a Mayer-Vietoris sequence.
With the above lemmas we can obtain an induction structure.
Theorem 4.5. Given α : H → G such that ker(α) acts freely in X, the map i : X → G × H X induces a a natural isomorphism
, and this allows us to obtain the following isomorphisms
On the other hand lemma 4.1 implies
, from the homomorphism α : H → im(α) we obtain thatᾱ : H/ker(α) → im(α), and then
where π : H → H/ker(α) is the quotient map. Finally lemma 4.4 implies
We will verify the properties in the definition 2.2. For this we use that the map defined to obtain the above isomorphism is the invariantization.
(1) Compatibility with the boundary homomorphism. If p : E → B is a G-quasifibration we have a connecting morphism
, then the image of ϕ by this identification that we denote by ϕ : (D n , ∂D n ) → (E G , (p −1 (b)) G , x 0 ), restricted to ∂D ∼ = S n−1 and taking its homotopy class [ ϕ S n−1 ] can be viewed as an element of π G n−1 (F, f ). The above argument implies that the connecting morphism in this case is given by a restriction. The compatibility with the boundary map follows from the fact that the invariantization commutes with restrictions.
(2) Functoriality. This property follows from the fact that to take invariantization is transitive, that means, if we have homomorphisms α : H → G and β : G → K then the invariantization map defined from C 0 (K × β•α X) to C 0 (X) with X a H-space is the composition of the invariantizations defined from
Compatibility with conjugation. This property follows from the fact that to conjugate and later to take the invariantization is the same as to take the invariantization without conjugate. The above argument and theorem 4.5 proves the following.
Proposition 4.6. The functor π * ( , ?) is an equivariant homology theory in the sense of definition 2.2.
Segal following some ideas in [Grojnowski(1996) ] studied the algebra
endowed with a product defined using the induction functor on equivariant K-theory. Segal found an isomorphism between F q (X) and the homology of the configuration space C(X). More specifically:
Theorem 5.1 ( [Segal(1996) ]). Let X be a Spin c -manifold, then there is a Hopf-algebra isomorphism
where H * (C(X); C) is endowed with the Pontryagin product.
The goal of this section is to obtain an equivariant version of the above theorem, and to do that we consider the Hopf algebra F q G (X) defined in [Wang(2000) ]. This algebra is the equivariant analogue of F q (X). We will show that there is a Hopf algebra isomorphism between the homology of the fixed point space H * (C(X, G) G ; C) and F q G (X). We define F q G (X) following [Wang(2000) ]. Let X be a topological space endowed with an action of a finite group G. We consider the wreath product G n := G ∼ S n which is a semidirect product of the n-th direct product G n of G and the symmetric group S n , if G acts in X there is an action of the group G n on X n induced by the actions of G n and S n on X n . In [Wang(2000) ] Wang studied (motivated by [Segal(1996) ]), several structures that appear in the group
In particular Wang shows that F G (X) admits a natural Hopf algebra structure that we describe in the following.
Note that K G (pt) is isomorphic to the Grothendieck ring R(G) and that K G (pt) ⊗ C is isomorphic to the ring Class(G) of class functions on G. The bilinear map ⋆ induced from the tensor product
gives rise to a natural K G (pt)-module structure on K G (X). Thus K G (X)⊗C naturally decomposes into a direct sum over the set of conjugacy classes G * of G. The following theorem [Atiyah and Segal(1989) ] gives a description of each direct summand.
Fact 5.2. There is a natural Z 2 -graded isomorphism
Explicitly the isomorphism φ is defined as follows when X is compact: if E is a G-vector bundle over X its restriction to X g is acted by g with base points fixed. Thus E| X g can be decomposed as a direct sum of subbundles E µ consisting of eigenspaces of g fiberwise for each eigenvalue µ of g. The group Z G (g) acts on X g and µ E µ ⊗ µ indeed lies in the
The isomorphism φ on the K 0 part is given by φ = ⊕ [g]∈G * φ g . Then we can extend the isomorphism φ to K 1 as K 1 G (X) can be identified with the kernel of the map from K 0 G (X × S 1 ) to K 0 G (X) given by the inclusion of a point in S 1 . When X is a point the isomorphism φ becomes the map from a representation of G to its character.
We denote
where q is a formal variable counting the graded structure of F G (X). Define a multiplication · on F G (X) by a composition of the induction map and the Kunneth isomorphism k:
We denote by 1 the unit in
On the other hand we can define a comultiplication ∆ on F G (X), given by a composition of the inverse of the Kunneth isomorphism and the restriction from G n to G k × G nk :
We define the counit ǫ : F G (X) → C by sending K Gn (X n ) (n > 0) to 0 and 1 ∈ K G 0 (X 0 ) ∼ = C to 1. Theorem 5.3. ( [Wang(2000) , Thm. 2] or [Segal(1996) ]) With the operations defined as above, F q G (X) becomes a graded Hopf algebra. It is possible to give an explicit description of F q G (X) as a graded algebra which in particular calculates the dimension of K Gn (X n ) ⊗ C.
Theorem 5.4. ( [Wang(2000) , Thm. 3]) As a (Z + × Z 2 )-graded algebra F q G (X) is isomorphic to the supersymmetric algebra S( n≥1 q n K G (X)). In particular,
.
The supersymmetric algebra here is equal to the tensor product of the symmetric algebra S(⊕ n≥1 q n K 0 G (X)) and the exterior algebra Λ(⊕ n≥1 q n K 1 G (X)). The prove of the above theorem follows from applying in an appropiate way the fact 5.2 and to use a formula for the G-induced character of a H-vector bundle (H ⊆ G), see for example [Velásquez(2008) ].
Remark 5.5. When X is a point, F G (pt) = n≥0 R(G n ). In particular, dim q F G (pt) =
r≥1
(1 − q r ) |G * | .
5.1. Chern character. We want to find a description of H * (C(X, G) G ; C) and to do that we use a Chern character defined by Lück in [Lück(2002) ].
Here we consider H * (C(X, G) G ; C) with the product induced by the Hopfspace structure of C(X, G) G , that we define as follows. Given F 1 ∈ Hom * (C 0 (X), F R n (H G )) G and F 2 ∈ Hom * (C 0 (X), F R m (H G )) G , we define
where ⊕ is the internal direct sum of operators, defined as the composition
where ζ is a G-isomorphism of complete G-universes. With this operation C(X, G) G is a pathwise connected homotopy associative Hopf space with unit.
Proposition 5.6. Let X be a finite G-CW-complex we have an isomorphism
Proof. By the theorem 2.16 there is an isomorphism of graded Hopf algebras H * (C(X, G) G ; C) ∼ = S(π * (C(X, G) G ; C)), but by the theorem 4.2 we have the desired isomorphism S(π * (C(X, G) G ; C)) ∼ = S( k G * (X) ⊗ C).
We will apply the Chern character defined by Lück to the equivariant homology theory k ? * . For a subgroup H ⊆ G we denote by N G (H) the normalizer and by C G (H) the centralizer of H in G. Let H · C G (H) be the subgroup of N G (H) consisting of elements of the form hc for h ∈ H and c ∈ C G (H). Denote by W G (H) the quotient N G (H)/H · C G (H). Notice that W G (H) is finite if H is finite.
Let class Q (H) be the ring of functions f : H → Q which satisfy f (h 1 ) = f (h 2 ) if the cyclic subgroups h 1 and h 2 generated by h 1 and h 2 are conjugate in H. Taking characters yields an isomorphism of rings
Given a finite cyclic group C, there is the idempotent θ C C ∈ class Q (C) which assigns 1 to a generator of C and 0 to the other elements. This element acts on H G n ( * ). The image im(θ C C : H G n ( * ) → H G n ( * )) of the map given by multiplication with the idempotent θ C C is a direct summand in H G n ( * ) and will be denoted by θ C C · H G n ( * ). Using the above theorem we obtain Theorem 5.8. Let X be a G-CW-complex there is natural isomorphism
. Proof. In the case of k G * , im(θ C C ) = k e q ( * ) ⊗ C ∼ = C, then the chern character reduces to
